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Abstract 

We find static spherically symmetric solutions of scale invariant R^ gravity. The latter has been shown to 
be equivalent to General Relativity with a positive cosmological constant and a scalar mode. Therefore, 
one expects that solutions of the R^ theory will be identical to that of Einstein theory. Indeed, we find 
that the solutions of gravity are in one-to-one correspondence with solutions of General Relativity 
in the case of non-vanishing Ricci scalar. However, scalar-flat R = 0 solutions are global minima of 
the R^ action and they cannot in general be mapped to solutions of the Einstein theory. As we will 
discuss, the R = 0 solutions arise in Einstein gravity as solutions in the tensionless, strong coupling 
limit Mp —)• 0. As a further result, there is no corresponding Birkhoff theorem and the Schwarzschild 
black hole is by no means unique in this framework. In fact, R^ gravity has a rich structure of vacuum 
static spherically symmetric solutions partially uncovered here. We also hnd charged static spherically 
symmetric backgrounds coupled to a U{1) held. Finally, we provide the entropy and energy formulas for 
the theory and we hnd that entropy and energy vanish for scalar-hat backgrounds. 
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1 Introduction 


Gravity theories based on Einstein gravity plus higher derivative terms of the type R + TZ^ possess several 
interesting features attracting the attention of our scientific community; R denotes the scalar curvature 
and TZ stands for all possible combinations and versions of the curvature tensor. A first remark is that 
in string theory an infinite series of higher curvature corrections to Einstein gravity appears naturally. 
Secondly, as it was noticed in Ref. [T], the addition of the quadratic curvature terms with n = 2 makes 
the theory of gravity renormalizable. However the prize one has to pay is the appearance of a ghost-like 
modes in the theory, which are originated from the square of the Riemann tensor as well as from the 
square of the Weyl tensor. This pathology however is absent once we are restricted to the case oi R + R?] 
this theory turns out to be ghost-free and it is equivalent to standard Einstein gravity with one additional 
scalar degree of freedom cj). Furthermore as was noticed by Starobinsky and others [2] the potential of 
(p is of great cosmological interest, since it can describe a slow transition from a de Sitter phase to a 
flat Minkowski phase leading to a viable realization of the inflationary scenario in the early Universe [3]. 
More recently the R + R^ inflationary scenario was also investigated in the context of supergravity 015]. 

In almost all previous investigations of higher curvature gravity and its solutions [6] the linear Einstein 
term was assumed to be always present in the action. In this work we investigate in more detail the case 
of pure R^ theory. As it was recently emphasized [5] and also further investigated in the context of 
supergravity and superstring theory, the pure R^ gravity possesses two distinct and important features: 
first it is the only ghost free theory of quadratic order in the curvature tensor. Second, one obtains in this 
way a scale invariant gravitational theory with a non trivial interacting structure, in analogy to the scale 
invariance of the low energy (Supersymmetric)-Standard Model without Higgs mass term at the classical 
level 0 Reformulated in Einstein frame, the R^ theory describes an action with cosmological constant, 
i.e. an exact de Sitter (or Anti de Sitter) space as a consequence of an unbroken global scale symmetry. 

The structure of this paper is as follows: In the next section 2 we construct vacuum static spherically 
symmetric solutions of the pure R^ gravity. In section 3 we couple the theory to Maxwell theory and we 
hnd the corresponding solutions. In section 4 we discuss entropy and energy issues of the background 
found. Finally we conclude in section 5. 

2 Spherically Symmetric Static Backgrounds in gravity 

The most general quadratic and scale invariant theory for gravity is described by the Weyl-Eddington 
action, 

Sw = I , (1) 

where C^^pcr is the Weyl tensor and R is the Ricci scalar (see [7] for some more recent discussions on this 
action). 

For 13 = 0, the theory describes Weyl gravity which has extensively been studied. In this particular 
case, the action m is not only scale invariant but exhibits full conformal invariance; it is however a 

^The scale violating terms in particular the Einstein term R will be induced at the quantum level of the theory, 
where conformal and scale invariance are broken in a more or less controllable way [5]. 
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problematic theory since it contains ghost degrees of freedom. On the other hand the limit a = 0, /3 7 ^ 0 
is ghost free theory and it deserves special attention; the pure E? gravity is described by a simple quadratic 
action [5], 

^ ~ J -^matter^ j (2) 

where ^matter matter Lagrangian. It posses a global scale symmetry g^i, —)■ in the case where the 

matter fields are conformally coupled to gravity /^matter and in particular in the case 

where w{x^) = wq =constant [5]. The equations of motions which follow from the variation of ([2]) are: 

R Rfiu ~ 9pLv ~ V yR + g^y'^'^R = 4:fi^Tfj_y , (3) 

where Tfj_y is the energy-momentum tensor. It is easy to see that if we define 

Jfiu = RRfiu ~ dfiu ~ fi'^uR + dfiu'^'^R ) (4) 

and utilising the identities, 

Vf^Rf,y = ^VyR, 

- VyV^VAi? = (5) 


we find that Jny is covariantly constant, 


= 0 , 


and therefore T^y sastisfies 


V = 0 ■ 


Our interest is to find vacuum solutions to the equations ([3]), (when = 0), 

R Rfiu - ^R^ Qiiv - -h g/.yV'^R = 0. 

It is easy to see that eq.(IS|) is solved by two distinct classes of solutions!^ 

(i) Flat spaces with vanishing scalar curvature: 


( 6 ) 

(7) 

( 8 ) 


R = 0. (9) 

As we will see in the following, this class of solutions of the R^ theory contains in particular non-Ricci 
flat spaces, R^y ^ 0 , which however do not exist as vacuum solutions in the dual-conformal (almost) 
equivalent standard Einstein gravity. 

(ii) Non-flat spaces which satisfy: 

R/iiy = , ( 10 ) 

^The existence of these two branches is a generic feature of gravitational actions with two or more curvature 
terms [8]. 
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where A is an arbitrary constanllj. This is reminiscent of unimodular gravity (governed by the traceless 
part of Einstein equations). As a result, the solutions to the theory are defined up to a cosmological 
constant, which is nevertheless fixed by the boundary conditions. Of course, the limiting case with A = 0, 
eq.® is also solved by Ricci-flat spaces with = 0, as was the case of the standard Schwarzschild 
black hole. 


In order to be more explicit we will study in what follows the cases of static spherically symmetric 
vacuum solutions of the form 


ds^ = —a{r)dt^ -I- b{r)dr‘^ -|- r‘^d^\ . 


( 11 ) 


Then the field equations J^y = 0 are non-linear fourth order differential equations, which are not obvious 
how they can be integrated in full generality. Therefore, in searching for solution we will further assume 
that h{r) = l/a(r). Then the combination 

— Jtt + Joe = 0 (12) 

a 

does not contains fourth derivatives. Solving (jl2p for and utilizing J^r = 0 we obtain a single equation 
which is given in terms of three product factors: 


(r^a" -b 4ra' -b 2a 

- 2) (r^o" - 2a -b 2) {ra' -b 2a) = 0 . 

(13) 

The above equation has three obvious solutions B: 


(*) 

/ N M K 

“(^) = ^ ~ ’ 

(14) 

{ii) 

a{r) = 1-Ar^ , 

T 

(15) 

{Hi) 

M 

, 

(16) 


where M, K, A are independent integration constants. The solutions with acceptable asymptotic behavior 
correspond to the first and second cases. We therefore disregard the case {Hi). 

• The vanishing of the second factor in (1131) gives rise to the solutions of class (ii) discussed previously. 


ds^ = -\ l- — -\r 


dt^ + 


M , 2 

1-Ar^ 

r 


-h r'^dQ.l. 


(17) 


When R ^ 0 they describe asymptotically de Sitter (A > 0) or anti-de Sitter (A < 0) spacetimes and 
satisfies Eq. (fTOj) . Eor A = 0, the spacetime is asymptotically flat and they describe an ordinary black 
hole. 

• The vanishing of the first factor in (jl3p gives rise to the solutions of class (i) characterized by i? = 0 
and R^y 7 - 0? 

dr'^ 


ds — ~ ( 1 - 1—2 1 dt 


M K 

1-1-:t 


-|- r‘^dQ,2 , 


(18) 


^In fact A can be a function of the coordinates such that = d^X is covariantly constant vector. In this case, 
spacetime is necessarily decomposable and eq. (Uni) leads then to A = const. 0. 

"^The first two solutions of pure R? gravity already appeared in [TO] . 
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describing more general asymptotically flat solutions which are reduced to the ordinary Scharzschild black 
holes for K = Q. In the next subsection we will investigate the scalar-flat solutions in more details. 


2.1 Non-trivial scalar-flat {R = 0) spherically symmetric backgrounds 

A general static spherically symmetric spacetime has a metric which can be written as 


ds^ = —\{r)dt^ + + Rd^l\ 

Hr) 


The trace of the vacuum field equations 


leads to 


Jfiu = 0 


□U = 0. 


(19) 


( 20 ) 


( 21 ) 


and therefore the Ricci scalar is a harmonic function. Multiplying (j21j) by R and integrating over space 
we get that 


J d^x Vi 


d?x Vi [VXi'RdiR] — iRViR 


= 0 . 


( 22 ) 


If Viii vanish sufficiently rapidly at infinity, we get from the positivity of the second term that 

ViR = 0. (23) 

Therefore, we get that static vacuum solutions to the R^ theory are backgrounds with constant Ricci 
scalar R = const@ In particular, for fj? > 0, pure R^ gravity has a positive action since 




16//2 


d^xH-^lH > 0 . 


(24) 


Therefore, backgrounds with R = 0 saturate the above bound and are global minima of (I24p . For H < 0; 
of course such curvature scalar-flat spacetimes are global maxima. In both cases, scalar-flat spacetimes 
are extrema of (|24p and it can trivially be checked that indeed they satisfy the vacuum field equations 
(j20l) . For a general static spherically symmetric spacetime with metric of the form ()19p . the curvature 
scalar is 


R = - 


A'(r) 


+ z^'(r) + ^ 


V(r)2 2 A"(r) 2y(r) 
2A(r)2 A(r) rA(r) 


.2A(r) 

Hence, the equation ii = 0 is written as 

iz'(r) -|- p{r)v{r) + q{r) = 0 . 


i^{r) + . 


(25) 


(26) 


® There is a similar argument for the i? -I- theory [5]. 
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where 


p{r) = 


2r^XX" - r^A'^ + 4rAA' + 4A2 


q{r) = -- 


r^AA' + 4rA2 

4A 


r^A'+ 4rA’ 

and A(r),i/(r) are subject to the conditions 

A(r) ^ 1, i^(r) ^1, for r ^ oo . 

The general solution to (1261) is then 

f u{r)q{r)dr, u{r) = . 

u[r) J 


(27) 


(28) 


(29) 


In other words, there is no corresponding Birkhoff theorem in pure B? theory: given any particular profile 
function A(r) (or z^(r)), the other is uniquely determined by the asymptotic conditions and the singularity 
structure. For example, by choosing 


A(r)= (1-^V 


we find that 


However, it is easy to see that 


^ ^pupa — 


v{r) = 1 + 


r J 

(M - 2ci) (M - 2r) 


3 (—4M^ (ci + r) + Mr (8ci + 3r) — 2cir^ + 2M^) 


(30) 


(31) 


(32) 


r^{M — r)2 

and therefore there are singularities at r = 0 and r = M. Nevertheless, the second singularity at r = M 
is removed for ci = —M/2. For this particular value of ci we find 


Kr)=(l--V 


r J 


so that 


ds^ = -{l-^^ dt^ + 


dr'^ 


+ r^dQ2 ) 




(33) 


(34) 


which is just the extremal RN black hole. However, there are also other asymptotically flat solutions 
with the correct Newtonian limit. For example, we find that for 

(35) 


w X , M\‘ 

= 1 - — 


the solution of (12HD is 


M\ 


-2 


= 1 - — 1 - 


r J 


M^ lOM cie >- 


r J 


3r2 9r 


+ 


(36) 
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Note that there is a singularity at r = 0 and a second one at r = M as can be seen by a direct calculation 
of a the scalar invariant (j.S2|) for example. This second singularity can be removed for ci = —2Me^/9 
and hence the metric is written as 


ds‘^ 




(1-^f 


dr^ + r^dnl 


(37) 


is also a vacuum static spherically symmetric solution of the theory. Note that the metric (j37h has 
no singularity at r = M as the geometry there is, like in p4p . AdS 2 x S'^. Another class of solutions is 
provided for example for 


A = . 


(38) 


In this case, we find that 

[^2 (gj^gA^/r _j_ iQ24r) + 4M^ + 72M^r + 456Mr^l 

vir) = —- A --7- - 

^ (M + 4r)5 


(39) 


which is asymptotically flat and singular only at r = 0. Therefore, the vacuum solutions of the theory 
are scalar flat R = 0 backgrounds. In particular, these scalar flat backgrounds are global minima of the 
action and clearly there is no corresponding Birkhoff theorem for the R^ theory. 


2.2 Unrevealing the no-scale mode 


The action 


can equivalently be written as 


s = J {^R - 4/i2$2) 


(40) 


(41) 


The no-scale mode $ plays the role of a Lagrange multiplier and arises in this conformal frame (Jordan) 
frame without space-time derivatives. In that frame the initial scale symmetry of the R^ theory is 
translated to a scale symmetry acting on $ ^ compensating the scale transformation of the 

metric 

Parametrizing ‘h as 

^ = ^6“-^ , a = (42) 

and performing a conformal transformation g^j^y the action ()4ip can be written as 

S = j di^xyf^ Qfi - ]^df,(l)dy(l) - , (43) 

which shows that the initial R? action is conformally equivalent to a conventional Einstein action coupled 
to an additional massless scalar propagating field cf) and with a non-zero cosmological constant 
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Before proceeding further we would like to stress at this point, that the pure E? theory is scale 
invariant only in four dimensions. Indeed, considering pure E? theory in different dimensions, 

s„ = I 

which again can equivalently be written as 

Sn = j (Tx^ {<^E - _ (45) 

Then, by a conformal transformation, 

= 2^> with al = - - ^ -- , (46) 

(n — 2)(n — 1) 

the theory can be written in Einstein frame as: 

Sn = J (^E - ^d^(j)du(l) - . (47) 

It is then obvious that the E^ theory is scale invariant only for n = 4. Indeed, only in four dimensions, 
the potential for the (p field is flat while in higher dimensions it acquires an exponential potential. The 
scale invariant generalization of (j49p in n-dimensions is 

S = I (48) 


Returning back to the four dimensional action (I43p one derives the following field equations: 


Efgu ^g^yE-\-‘2p, d^(pdy(p-\- — 0 , 

= 0 . 


(49) 

(50) 


We will like now to investigate how the solution (1171) is written as a solution to eas. (l49p and ()50p . 
Let us consider eq.® and now introduce a field cp dehned as 


1 

8772 


^ ^ 
^ o .,2 ’ 


SO that eq. ([8]) is written as 


g^y - + g^yC-^^V^e^^^ = 0 . 


(51) 


(52) 


Then by a conformal transformation 


g^iv — 6 '^ 5 / 41 /) 


(53) 


and using the fact that 

= aV^Vy(P + {a - b)aV^<pVy(P + abg^y{V(Pf , 

E^y = E^y - 2hV^Vy(p + 2b^V^(pVy(p - bg^yV^cp - 2b^ g^y{Vcpf , 
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(54) 

(55) 





we find that Eq. (|52p is written as 


0 — — (26 + a) V^Vi/(/> + (26^ — + 2 a 6 ) V^(/>V;y(/>, 

-{b-a) - (26^ - ab + + 4a6) . (56) 

We choose now 


a = -26, (57) 

so that eqs. (l5n) and (f56]l turn out to be 

R-6bV^(l)-6b‘^{V(l)f = 8g,^ , (58) 

R^lu - Qb^V^ctN^cf) - 3bgfj_„V‘^4> - 2iJ?g^i, = 0 . (59) 

We see that the trace of ea. (f59]) is ea. (l58]l provided 

V 2 (/> = 0 . (60) 

Therefore, eas. (l58]l and ([59]) are written (for 6 ^ = 1/6) as 

R^lv - - 2g?gf,y = 0 , (61) 

VV = 0 , (62) 


which are precisely eas. (l49l) and (|50l) . The lesson from the above exercise is the following: To any vacuum 
solution g^y of ([S]) with scalar curvature i7 > 0 , the corresponding solution {gfj,u-,4>) of eas. (149|l and (ISdl) 
is given by 

R 

dfj-i' = d/iu ■ (64) 

Clearly, this transformation works as long as i? 7 ^ 0, otherwise the transformation is singular and the 
solution of the R^ action ([40l) is not a solution of (1431) . 

For the spherical symmetric vacuum solution 





we find that, although it is not Ricci flat, it has vanishing Ricci scalar 


R = 0 . (66) 

As a result, this asymptotically flat, spherical symmetric vacuum solution of the pure theory does 
not exist in the dual Einstein gravity with cosmological constant. This can be easily seen by varying the 
quadratic action of R? 

6 S = 0 ^ {R6^f^ + 2^f^5R)R = Q, (67) 
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which is solved either by i? = 0 or by + 2^/—g5R) = 0. In the Einstein frame only the second 

class of solutions are captured. The first class with R = 0 appears singular since it gives rise to a singular 
conformal transformation with <I> = 0. Differently stated, it corresponds to the tensionless limit (i.e. 
strong coupling limit) of Einstein gravity with Mp —)• 0. Therefore the space of general solutions of the 
R^ theory is that of the dual Einstein theory but including also its tensionless limits. Hence we conclude 
that in the tensionless limit of Einstein gravity with Mp —)• 0, there are vacuum solutions of the type 
ea. (|65p with non-zero Ricci tensor but with vanishing scalar curvature. These are however not solutions 
of weakly coupled gravity with finite Mp. 

This reminds us to a similar situation in the framework of tensionless string in six dimensions where 
one has an equation of motion which is not possible to be obtained from an action. It also reminds us 
to the strong coupling limit in string theory written in the sigma-model frame, with e~‘^^R in the limit 
9s — oo. From eq. (l48jl . the additional class of solutions with R = 0 exist in all dimensions with 

re > 2. Therefore the extension to the tensionless solutions does not only appear in four-dimensions but 
it is a common property valid in all dimensions with re > 2. 

The asymptotically de Sitter solutions like eq. (fT7p with A > 0 having R / 0 corresponds to the second 
class of solutions 


Rfiu — ^9uy ) ^ — 12A , 


with 


M 


= — ( 1 — — — Ar^ ) dt^ + 


dr"^ 


M , p 

1 -Ar^ 

r 


-|- r‘^dfl2 ) 


and therefore, the corresponding solution of (I43p is 


atp _ \ 

^ n., 2 ^’ 


“ 2//2 


_ ( 1 _ ^ _ Ar2 ) + 




M , p 

1-Ar^ 

r 




. 


It is easy to see that m satisfies 




( 68 ) 

(69) 

(70) 

(71) 

(72) 


as expected. 

Note that for Ricci flat solutions with R^y = i? = 0, the transformation from the R? action eq. (l40h 
to the Einstein frame action eq. (j43p is still possible. In this case one has also to take the limit /r = 0, 
while keeping ^ finite. 

Finally, one would like to know how to find the sub-class of solutions of (j40p once a solution of Einstein 
gravity ea. (l43P is known. For this, let us suppose that we have a solution (ff^^,<^) to eas. (|4^ and (l50P of 
the Einstein theory ea. (l43p . Then, it turns out that 

R = [R - 6bV^(j) - Qh^{Vct>f) , (73) 
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and the corresponding particnlar solution to the pure B? theory will be given by 


_ 8 /i^ _ 
9^J.u — dfj.i' 


( 74 ) 


3 Coupling to matter 


We would like now to couple the theory to matter and find the corresponding static spherically 
symmetric solution. The most obvious choice for matter is an electromagnetic field, the action of which 
is also scale invariant (in fact it is conformal invariant). So we will consider below the theory 


S = 


J d‘xV=d( 


' ^ K>2 _ ^ pi T^iiv 

16/i2" 4 


The field equations which follows from the (|75p are 

RRfjiu - QiJiy - ^pSvR + gfiu'^'^R = 4//^ - ^9iiuF 

= 0 . 

For a static spherically symmetric solution we assume that the background metric is of the form 

ds^ = —a{r)dr‘^ + , 


a{r) 


so that the electromagentic field turns out to be 


A — ^ F — ^ 

The field equations ()76p are written then as 

ra' + 2aJ r'^a"^ + a (8 — 8ra') + 4ra'(r) (r^a" + 2) — 4a^ + — 4 

The solution to the above equation with appropriate asymptotic behavior is 

2,,2 


= 0 . 


M Z QV 2 


a{r) = 1- 2 + 


6Z 


and therefore we have 

:t 2 


M Z 
r 


12,,2 


j-z _ I 1 ^ . Q 9 2 

ds _-(l ^ + -^r 


dF + 


dF 


1 _ M _ z 2 

r “T QZ 


+ r^dQ,2 


A, = 


Q 


(75) 

(76) 

(77) 

(78) 

(79) 

(80) 

(81) 

(82) 

(83) 


Clearly, there are no asymptotically fiat solutions (since ^ 0) and the only solutions that are 

allowed are de Sitter Reissner-Nordstrom (dS-RN) for Z < 0 and anti-de Sitter Ressner-Nordstrom type 
(AdS-RN) for Z > 0. It can straightforwardly be verified that, due to the conformal invariance of the 
Maxwell Lagrangian, the dual theory is written as 


S = j d^x^g Qr - dp4>dPct> -9^- If^uRP’^^ . 


(84) 
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Then since 


R = 


-2^2q2 

Z 


(85) 


by using the transformations (I63l64p . we find that the corresponding solution in the Einstein frame is 


ds^ 


-Q^ 

4m^Z 


At = 


Q 

? 

r 


M Z X 


dt^ + 


dr^ 

1 _ M _ Z I 2 

J- r ^ 6Z ' 


+ 


( 86 ) 

(87) 


and it is acceptable for only for Z < 0 (for > 0). In other words, theory coupled to electromagnetism 
admits solutions of dS-RN and AdS-RN type (l82|) . However, only (dS-RN) are solutions of the dual 
Einstein gravity. Again, the dual Einstein theory can only capture part of the possible solutions of the 
R^ theory. 


4 Entropy 

According to Wald m , the black hole entropy is the Noether charge associated to diffeomorphisms under 
the Killing vector which generates the event horizon of the stationary black hole. Let us note that under 
an arbitrary variation of the lagrangian density we have 

6iV^L) = . ( 88 ) 


The field equations are then 


J^u = 0, (89) 

and the Noether current 9^ is conserved 

= 0 , (90) 

when the field equations are satisfied. Eor diffeomorphisms generated by the vector we have 

SiV^L) = C^iV^L) = ^V^ieL ), (91) 


so that 


(92) 

where 

. (93) 

Hence, if the field equations are satisfied, the current obeys 

V^f = 0. (94) 
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The conservation equation (I94h can be written in terms of the 1-form j = j^dx^ as 

o!*j = 0, (95) 

and therefore j is the dual of an exact 3-form 

j = *dQ , (96) 

where Q = A dx'' is a two-form. Then the Noether charge q associated to a diffeomorphism 

generated by in a spatial volume S, which is analogous to is given by the boundary integral 

q= [ (97) 

JdY, 

It turns out that when the spacetime possess a bifurcated Killing horizon, the Noether charge associated 
to the Killing vector (after appropriate rescaling to have unit surface gravity) is actually the entropy S 


S = 27r [ dS^^^ . (98) 

JdT, 

For a rigorous treatment, one may consult mm- 

The vector is constructed as follows [12] . One treats the Lagrangian as a functional of the metric 
and the Riemann tensor such that 




+ E^6<P) + 


(99) 


where Eg^ is the variation wrt the metric, is the variation with respect to to the Riemann tensor, 

and Efp is the variation with respect to all the other matter fields, collectively denoted by (j). In addition, 
0" is different in general from 0, which is given by 


0 “ = 2El^'^^Vs59py - 2VsEf^'5g0^ + 0 '“ . 
Specializing to the action (|i0]) . we find. 


so that 


= -^9"^9^^ (Rysdgp-y - RVpdg^s - SgpyVsR + dg^s^pR) ■ 


( 100 ) 


( 101 ) 


( 102 ) 


Then, for diffeomorphisms generated by (so that dga^ = — V^^„) we find that the associated 

Nother current (after using the field equations Jag = 0), is given by 


J = 


16/i 


rV;3(RV[^r’) + . 


Therefore, satisfies {S/aj^ = 0) and the 2-form Qag defined in Eq. ()96p is given by 

Qap = r^eapys + 2 ^ V^r) . 


(103) 


(104) 
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Let us recall that vanishes on a bifurcated killing horizon B and for stationary backgrounds we have 
on B that where n is the surface gravity and is the the binormal on B. Hence, by using 

(jl04l) we find that the entropy is given by 

5 = ^^ [ (fxVhR. (105) 

2 /^^ Jb 


This is exactly the entropy we would have found using the standard expression 


5 = 


1 

4G 


/ (fxVh, 

Jb 


for the entropy in the Einstein frame and then using the conformal transformation, 


9fiu 




IOttG 




-Rg, 




(106) 


(107) 


to find the entropy in the RJ theory. That the entropy is invariant under conformal transformations has 
been proven, at least for that class of transformations that approach identity at inhnity in MM- 

It is interesting to notice that the entropy (jl05p is zero for background which have R = 0. These 
backgrounds cannot conformaly be mapped to Einstein frame. In addition since (for > 0) backgrounds 
with R = 0 saturate the bound ()24p and minimize the action, they resemble the BPS condition and the 
associated zero entropy of the corresponding BPS states. 

We also note that backgrounds with R < 0 have negative entropy|§ The interpretation of such 
backgrounds is not very clear. Note in particular that such backgrounds cannot be conformally mapped 
to backgrounds with Lorentzian signature in the Einstein frame as long as fjJ > 0. The conformal 
mapping gives spacetime with wrong signature indicating a strong instability. The question is if we can 
still map backgrounds with R < 0 to metrics with Lorentzian signature in the Einstein frame. This 
indeed can be done for negative <h < 0 in ea. ()42p . which can be parametrized as 


a0 ^-^ 

8//2 


Then Einstein frame action turns out to be 


S" = / (fxy/^ 


(108) 


(109) 


and the conformal transformation to the Einstein frame is only possible for > 0, i.e. R < 0. 
However, although the metric in the Einstein frame is of Lorentzian signature now, gravity has been 
turned repulsive. Thus, the negative entropy in the R^ theory associated to backgrounds with ii < 0, 
corresponds to repulsive gravity in the Einstein frame. In other words, gravity is repulsive on backgrounds 
with negative entropy in the R^ theory. This is a further indication that R^ theory, although it can be 
conformally transformed to Einstein frame, it is quite different form it. 

®The fact that higher curvature gravity may have negative entropy has been noticed also in m- 
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5 Energy 

We note here that we may define a three-form © = ^Q^vpdx^ A dx'^ A dx^ as the dual of the 1-form 
e = 9f,dx>^ (0 = *e.) Let us then consider globally hyperbolic spacetimes which are asymptotically flat 
possessing Cauchy surfaces C with single asymptotic region dC. Then, as has been proven in [12], if the 
vector held generates time evolution, a Hamiltonian exists if and only if there exists a 3-form B such 
that 

6 [ ^B= / ^0. (110) 

JdC Jdc 

In that case, the Hamiltonian is given by 

H= [ (Q-^B), ( 111 ) 

Jdc ^ ^ 

In particular, when is the asymptotic time-translation vector = [d/dt)^, the canonical energy is 
given by 

E = J (^Q[A:] - A;-b) . (112 ) 

For the theory, we hnd from eas. (ll02p and (I104p that for asymptotically hat spherically stationary 
solutions, we have Q = 0 = 0 and therefore 


E = 0, (113) 

in accordance with |161H8j (see also m for a more recent discussion on the energy dehnition in R? 
theories). 

6 Conclusions 

We have discussed here classical solutions to the R? scale invariant gravity. As has been shown recently 
in |S], this theory is equivalent to Einstein gravity with a cosmological constant and a massless scalar 
held. We show how solutions of R? theory are mapped to corresponding solutions of General Relativity 
in the case of non-zero scalar curvature. Furthermore, we have discussed scalar hat R = 0 solutions of 
R^ theory which cannot be mapped to a General Relativity setup. This class of solution corresponds to 
a tensionless limit respectively strong limit in the conformally dual Einstein theory. 

We worked out in details static spherically symmetric backgrounds and we showed that in R^ theory 
there is no the equivalent of the Birkhoff theorem. We also discuss the coupling of this theory to scale 
invariant matter and in particular we study the coupling to a U{1) Maxwell held. 

We have also calculated the entropy and the energy for the classical solutions associated to the R^ 
theory and we show that both the entropy and the energy vanish for scalar-hat backgrounds. This is 
a direct manifestation of the zero energy theorem |16] . which represent an additional motivation for 
studying this theory. Although the spectrum of general four order theories is expected to be unbounded 
from below due to the presence of ghosts, the spectrum of the scale invariant R^ theory turns out to 
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be bounded hy En > Eq = Q at least at the classical level. This property is probably still valid at 
the quantum level of the theory as consequence of unitarity. This problem remains open and it will be 
interesting to be proven in the future. 
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Appendix 


Here, for completeness, we will provide the spherically symmetric solutions to the scale invariant Weyl- 
Eddington action ([T|). The field equations which follow from ([1]) can be written as 


= 0 . 

was defined in Eq. (j3|) and is the Bach tensor given by 

B^u = 

Let us then consider the following form of the metric 

ds^ = —a{r)dt^ -\ - — + r'^dO^- 

a{r) 


(114) 


(115) 


(116) 


Then, although the field equations (|114p are complicated, we find that the combination TTq — is quite 
simple and turns out to be 


Wa - W = 


(72/3r^a"(r) + r^(a — 12/3) (ra^'^^(r) + 4a^^^(r)') — 144/3a(r) + 144/3 = 0. (117) 


The solution to the above equation is 


Ivl 

air) = 1-h + C 2 r'''^ + Ar^, 

r 


(118) 


where 71,2 = ci^ 2 j Af, A are integration constants. Plugging this solution 

to any other components of = 0 we find that ci ^2 = 0. Therefore the solution is finally 

a(r) = 1 — — + Ar^. (119) 


r 
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